Dip-coating of yield stress fluids
M. Maillard, J. Bleyer, A.L. Andrieux, J. Boujlel*, P. Coussot
Université Paris-Est, Laboratoire Navier, Champs sur Marne, France
* IFPEN, Rueil-Malmaison, France
Abstract: We review and discuss the characteristics of dip-coating of yield stress fluids on the basis of
theoretical considerations, numerical simulations of the flow in the bath and experimental data with
different materials. We show that in general, due to the yield stress, viscous dissipations are sufficiently
large for capillary effects to be negligible in the process. Dip-coating with yield stress fluids is thus
essentially governed by an equilibrium between viscous and gravity effects. In contrast with simple
liquids the coated thickness is uniform and remains fixed to the plate. At low velocities it appears to
tend to a value significantly smaller than the Derjaguin and Levi prediction [B.V. Derjaguin, S.M. Levi,
Film coating theory (The Focal Press, London, 1964)], i.e. critical thickness of stoppage of a free surface
flow along a vertical plate. We show that this comes from the fact that in the bath only a relatively small
layer of fluid is in its liquid regime along the moving plate while the rest of the material is in a solid
regime. From numerical simulations we describe the general trends of this liquid layer and in particular
its thickness as a function of the rheological characteristics and plate velocity. We finally propose a
model for the dip-coating of yield stress fluid, assuming that the solid volume of fluid finally fixed to
the plate results from the mass flux of the liquid layer in the bath minus a mass flux due to some
downward flow under gravity in the transition zone. A good agreement between this model and
experimental data is found for a yield stress larger than 20 Pa.

1. Introduction
Yield stress fluids (YSF) are encountered in a wide range of applications: toothpastes, cements,
mortars, foams, muds, mayonnaise, etc. The fundamental character of these fluids is that they
are able to flow (i.e., deform indefinitely) only if they are submitted to a stress above some
critical value, i.e. their yield stress. Otherwise they deform in a finite way like solids. The flow
characteristics of such materials are difficult to predict as they involve permanent or transient
solid and liquid regions that are generally hard to locate a priori [1].
In our everyday life we commonly extract objects from baths of yield stress fluids (mud,
chocolate, paint, cement paste, cream, etc). A significant layer of fluid remains on the tool,
which is then coated over some other solid surface (bread, wall, skin, etc). The first part of this
operation is the well-known dip-coating process. Various industrial processes (food industry,
automobile) rely on this technique for coating or treating the surfaces. The stake of research in
that field is to understand the fluid flow under the effect of the solid displacement to optimize
the process parameters: geometrical dimensions of the solid coated and container, distance
between the solids, velocity of the object to coat, rheological characteristics of the fluid.
In the case of simple liquids the flow resulting the object extraction is described as the LandauLevich problem. Dip coating of plates or cylinders with Newtonian liquids (of viscosity  ) has
been the object of much research and there now exists a solid background of knowledge. Most
studies in that field focused on the film formation and thickness [2-4]. The value of the film
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thickness results from a balance between gravity, capillary and viscous effects. Different flow
regimes may be observed inside the bath, but it is worth emphasizing that the liquid flows at
any point [5], so that the transition from the bath to the surface is smooth.
A limited number of (phenomenological) studies concerned non-linear fluids. No unified
conclusion was reached for the dip-coating of plates: for a shear-thinning behavior a thickness
increase [6-7] or decrease [8-10] was observed, numerically or experimentally, when the powerlaw index decreases. For fibers, it was shown that elastic effects tend to increase the value of
the coated thickness h [11-12].
For yield stress fluids previous works on dip-coating are scarce. A theoretical approach
suggested that the coated layer thickness is larger as a result of the yield stress [10] and some
numerical simulations [13-14] suggested that h increases with  c and that surface tension
effects are negligible. Another theoretical analysis [15] in the case of dominant yielding effect
(i.e. plastic flow) and negligible gravity effects finally predicted that h   c 2 . Finally the first
experimental study with yield stress fluids showed that the coated layer remains stuck on the
plate after its withdrawal, and that the coated thickness is approximately proportional to the
yield stress of the material [16]. Moreover, from a global analysis of the velocity field for one
yield stress fluid it was suggested that the coated thickness is related to the flow characteristics
inside the bath.
The purpose of the present paper is to review the problem of dip-coating with yield stress fluids
in a more general way. In that aim we will rely on theoretical considerations, previous and new
experimental data, and numerical simulations of the flow in the bath. We will start by
positioning the problem by taking advantage of existing knowledge for simple fluids and
emphasizing the differences with yield stress fluids. We will then discuss the different possible
flow regimes as a function of the relative importance of capillary, gravity and viscous effects.
At last we will discuss in more details the origin of the value of the coated thickness, in relation
with the flow characteristics inside the bath (in particular the thickness of the sheared layer
along the plate).

2. Theoretical considerations
2.1 The material
In order to understand the rheological behavior of a yield stress fluid, a good way consists in
applying different stress levels to it, starting always from the same initial state (for example
after some fluid mixing), and looking at the deformation in time. After a transient stage, the
different deformation vs time curves evolve in two ways (see [17]). For a stress above a critical
value they end up with unit slope on a logarithmic scale, indicating that the material flows at a
constant shear rate. We thus consider the material to be in its liquid regime. For a lower stress,
the deformation seems to tend to a plateau, and remains below a critical value, as it would for
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a solid. More precisely the deformation goes on increasing in time, suggesting a very slow flow,
but the apparent shear rate continues to decrease in time towards lower and lower values,
without reaching a steady state flow. The apparently limited deformation and continuous
decrease in the apparent shear rate towards very low values justifies treating this as a solid
regime. The maximum deformation that can be reached in the solid regime, i.e. for a stress just
below the yield stress, is the critical deformation.
The surprising feature of yield stress fluids is that: (i) they exhibit a solid structure at rest, which
may be understood using the same framework as standard solids; (ii) beyond the critical
deformation, this structure breaks down and the material flows like a simple fluid; (iii) if the
material is left at rest once again, it recovers its initial mechanical (solid) properties, associated
with a similar structure. We thus have a material able to move from a solid to a liquid state, and
from a liquid to a solid state, in a reversible way. Such a situation probably results from soft
interactions between the elements composing the fluid. These elements may form a jammed
(solid) structure, which can easily break if subjected to high enough stress. The breakage
assumed here is a kind of homogeneous plastic flow (with plastic events well dispersed
throughout the material). It is not yet clear whether such a situation effectively takes place at
very low shear rates.
Such a description seems to apply well to materials such as foams, gels, and emulsions, but not
as simply to colloidal suspensions, whose structure may significantly evolve at rest as a result
of colloidal interactions and Brownian agitation. In that case the transition between the solid
and the liquid regimes as described above seems to be more “abrupt”. In a series of creep tests,
a jump appears between the two regions, and this means that no steady state can be reached at
a shear rate below the critical value [18]. Such behavior is thought to be intimately associated
with the thixotropic character of the fluid [19], i.e., the time-dependence of the material
properties. An important consequence is that one cannot so easily define the yield stress of the
material. Starting from rest, we may identify a static yield stress, i.e., the critical stress allowing
steady state flow, but this can vary significantly depending on how long the material was
previously left at rest (since the structure will have strengthened in time), and it differs from the
dynamic yield stress associated to flow stoppage.
Here we will focus mainly on the flow characteristics of non-thixotropic yield stress fluids
which to a good first approximation can be described as simple yield stress fluids [20-21], and
for which the dynamic yield stress is close to the static yield stress. A broad range of data
gathered over the past twenty years has shown that, for shear rates in the range 0.01; 100 s-1 , the
rheological behavior of simple yield stress fluids in steady state simple shear can be very well
represented by the Herschel-Bulkley (HB) model, which can be stated as follows:



   c    0 (solid regime);    c     c  k n (liquid regime)
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(1)

Here  is the shear stress amplitude,  the shear rate amplitude,  c the yield stress, and k and
n two material parameters. A 3D tensorial expression can be extrapolated from (1) with the
help of a von Mises criterion for the solid-liquid transition [22]. The parameter n generally lies
in the range [0.3; 0.5]. Most work has focused on behavior in the liquid regime. Note that yield
stresses below 1 Pa are hardly detectable by usual rheometrical tests due to artefacts. As a
consequence in order to be sure to deal with true yield stress fluids with properly determined
rheological parameters it is preferable to use materials exhibiting a yield stress larger than a few
Pascals. Few works focused on the rheological properties of yield stress fluids in the solid
regime but they suggest that these properties are similar to those of usual solids, ranging from
almost pure linear elasticity to complex viscoelastoplasticity.
In the context of laminar flows of yield stress fluids, a dimensionless number turns out to be of
fundamental interest for characterizing the physics of the flow. This is the Bingham number,
Bi   c k n , which estimates the ratio of the constant part of the constitutive equation in the
liquid regime - which may be related to the strength of the solid structure as it also corresponds
to the critical stress for the solid-liquid transition - to the rate-dependent (viscous) part of this
constitutive equation. Since the stress distribution in flows are in general heterogeneous a liquid
and a solid regions coexist. As a consequence, if we take for  the ratio of a characteristic
velocity to a characteristic distance between flow boundaries, the Bingham number gives some
measure of the relative importance of the solid and liquid regions in the sample. Indeed, for
example in a channel flow when Bi   most of the fluid is in its solid regime whereas when
Bi  0 most of the fluid is in its liquid regime.

2.2 The boundary conditions
The situation we study here is a plate immersed in a bath of fluid (in a container) perpendicularly
to its free surface (see Figure 1). The width of the plate is assumed to be sufficiently large for
the flow to be essentially 2D, so that all descriptions in this paper will assume that all flow
characteristics are similar along a z-axis (perpendicular to a plane of visualization as in Figure
1). At the initial time the plate is withdrawn vertically from the bath. For simple liquids the
history of plate displacement through the bath has no impact on the process, since such a fluid
immediately forgets it flow history. For a YSF the situation is different: after immersion the
plate must be left at rest some time to let the material reach its solid regime and, if possible,
relax residual stresses. The data on that point nevertheless show that beyond a short time at rest
there is no impact of the resting time on the flow characteristics inside and outside the bath [2324]. Note that on the contrary for thixotropic YSF this point would likely be critical: the static
yield stress increases with the time of rest after mixing, which will strongly affect the coating
process.
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Another more complex aspect with YSF concerns the container geometry. For simple liquids,
if the coated layer thickness is much smaller than the distance between the plate and the walls
of the container the impact of the container size is negligible. For yield stress fluids the stress
distribution which depends on boundary conditions determines the distribution of liquid and
solid regions and thus may have a significant impact on the flow along the plate.

Figure 1: Scheme of the dip-coating experiment.

Yield stress fluids are necessarily composed of elements of size much larger than the atomic
size and interacting in such a way that they can make a jammed structure. Such elements are
for example colloidal particles, bubbles, droplets, grains, etc, which may have a size up to
several tenths of microns. As a consequence, for the continuum assumption to remain valid
during the coating process the thickness of the coated film must be much larger than the element
size. Fortunately, likely as a result of the yield stress, we will see that the coated thickness of
YSF is typically of millimetric size, which generally ensures the validity of this assumption.
These characteristics of YSF are also at the origin of an effect which may have a critical impact
on the dip-coating process: wall slip. Since the elements are in general suspended in a liquid
their concentration can decrease at the approach of the wall thus forming a less viscous fluid
layer which will be preferentially sheared. In an extreme case only this thin layer is sheared
while the rest of the material moves as a plug. Such a phenomenon can generally be avoided by
using rough wall surfaces, which allows the elements to be homogeneously dispersed
throughout the virtual boundary surface (envelop of the rough surface) [22]. Ideal wall slip
during dip-coating will just lead to coat a very thin layer of the interstitial liquid of the YSF.
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Here we will assume that no wall slip occurs, i.e. rough surfaces with a roughness much larger
than the element size are used. In this situation it will be relevant to consider the flow in the
frame of continuum mechanics and see the plate surface as a perfect plane only if the coated
thickness is much larger than this roughness.

2.3 Main forces acting in the process
As for any type of fluid, in this problem mainly three effects can play a role: capillary, gravity
and viscous effects. Let us first consider capillary effects. Although YSF are fundamentally
composite systems made of elements in strong interactions at the origin of the yield stress
existing measures tend to suggest that the surface tension (  ) of model YSF is close to that of
the interstitial liquid [25-26]. Measurements nevertheless remain difficult since, even for very
slow flows viscous effects can be large as the stress is necessarily above the yield stress in the
flowing regions. In order to measure surface tension it is thus necessary to minimize the viscous
dissipation by decreasing the fluid volume relatively to the area of its interface [25].
In order to compare capillary to viscous effects during dip-coating we consider the fluid volume
in the transition zone (A) situated between the initially horizontal free surface of the bath and
the uniform coated thickness region (see Figure 1). We assume that the height of this region is
of the order of the thickness of the fluid layer on the plate, h . An elementary vertical
displacement of the plate of dx induces basically a shear of the material with a deformation
approximately equal to dx h , which is associated to a viscous dissipation of the order of
 c dx hh 2 D (with D the width of the plate). On the other hand the surface energy gained
during this displacement, assuming the shape of the volume does not change, is Ddx . Finally
the ratio of the two energies gives the following Capillary number: Ca   ch  . We expect that
capillary effects will be negligible if Ca is much larger than 1. Thus, for sufficiently high yield
stress capillary effects become negligible. However, since from experimental data Ca is of the
order of 1 (for millimetric coated layer and a yield stress of a few tenths of pascals) a further
analysis of the results (see below) will be needed to conclude that capillary effects are in general
negligible.
In order to appreciate the relative impact of gravity and viscous effects, it is particularly
interesting to look at the flow characteristics of a YSF along an inclined plane of slope i with
regards to a horizontal plane. We consider a uniform flow which, as a consequence, is a simple
shear with a velocity v( y) (where y is the distance from the plane) in the direction x of
steepest slope. The shear rate is thus v' ( y) . From momentum equation we deduce the shear
stress distribution  ( y)  g (h  y) sin i , where h is the thickness of the fluid layer. This
implies that the maximum shear stress is reached along the wall ( y  0 ) :  p  gh sin i .
From these equations we deduce that the fluid remains in its solid regime in the region
yc  y  h , with yc  h   c g sin i  and flows in its liquid regime for y  yc . The solid
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region along the free surface is thus transported by the liquid layer along the plate. The thickness
of this liquid layer decreases when the yield stress increases and finally the minimum layer
thickness for a flow to take place is hc   c g sin i , which in the case of a vertical plate writes:

hc 

c
g

(2)

The validity of this description was checked for moderate slopes, typically smaller than 30°
[27], but for this study we carried out additional specific tests by inclining a plate covered with
a Carbopol gel layer up to i  90 which showed that, as expected from this straightforward
theory, as long as the fluid adheres on the vertical plate the equation (2) rather well predicts the
critical thickness.
For simple YSF, since the static and the dynamic yield stresses are identical this critical
thickness is both the one beyond which the flow starts and the one at which it stops flowing if
the fluid progressively drains (decreasing its thickness). Note that if h  hc the shear stress at
the wall is everywhere lower than  c , so that the material remains in a solid state along the
plate. As a consequence the layer can take any non-uniform shape h(x) as long as h( x)  hc .
Finally we see that there is a natural length scale associated with the flow of a yield stress fluid
over a vertical plate, namely hc , which makes it possible to consider the dimensionless number
G  h hc . When G  1 the fluid is mostly in its liquid regime, whereas when G  1 , it is
mostly in its solid regime. Note that a complete integration of the momentum equation taking
into account the constitutive equation (1) makes it possible to find the average flow velocity as
a function of the fluid characteristics and layer thickness. This may be expressed as a relation
between G and Bi [28].

2.4 First attempt of theoretical description
Since capillary effects are negligible for sufficiently high yield stress it is useful to review first
the dip-coating of a Newtonian fluid (of viscosity  ) when only viscous and gravity effects
play a role, as it can serve as a reference for analyzing the case of YSF. An asymptotically
uniform layer of thickness h is expected to form, which may be expressed as
h  

V
g

(3)

with the value for  depending on the authors. This expression simply reflects some balance
between a characteristic gravity stress ( gh ) and a characteristic viscous stress ( V h ). In
the aim of determining the value of  , Derjaguin and Levi [15] developed an elegant approach
which provides interesting physical arguments in view of extending it to more complex fluid
types. It consists first in considering that a uniform flow along the vertical plate leads to a flow
rate gh3 3 (as directly deduced from momentum equation), so that if such a flow occurs
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along a plate moving steadily at a velocity V (tending to induce an upwards mass flux Vh ) the
net vertical flow rate per unit plate width will be

Q  Vh 

gh 3
3

(4)

Then it is assumed that the effective fluid thickness is such that this flow rate reaches its
maximum ( dQ dhh  0 ), so that h is given by (3) with   2 3 . However numerical
simulations [29] showed that the effective value for  is a priori smaller (i.e. 0.58).
Derjaguin and Levi [15] extended this approach to YSF now taking into account capillary
effects. They focused on the case Bi   , so that the shear stress in the liquid regions is
approximated by the yield stress. First of all they demonstrate that, in steady state, a uniform
fluid layer in its solid state is formed along the plate at some distance above the bath. Then,
from the momentum equation in the transition region, they deduce the stress distribution as a
function of the pressure gradient (related to the free surface curvature) which, along the wall,
gives the following equation:


d 3h
 3  g  c  0
dx
h

(5)

In the case of negligible capillary effects this equation reduces to h  hc . This result may be
seen as consistent with the above analysis as it maximizes the flow rate [15]. Such a result is in
fact quite natural: it would be obtained by assuming that by withdrawing the plate from the bath
we first tend to extract all the material of the bath because it is initially a solid, but eventually
gravity limits the coated thickness by inducing a flow which ends up at a thickness equal to its
maximum possible value in the solid state along the plate. Actually we will see below that the
bath does not behave as an amount of fluid freely flowing relatively to the plate.
Finally, in the case of dominant capillary effects, i.e.  c  g , Derjaguin and Levi [15]
found
h  13R 3

 c2
2

(6)

3. Analysis from experimental data and numerical simulations
3.1 Experimental data
For the analysis in this paper we will rely on the existing data [16, 24] and on additional data
obtained from similar experiments with different materials. The published data concern
Carbopol gels, which from careful rheometrical tests (see [31]) appear to be simple YSF well
represented by a HB model with a similar value of k  c  0.55 and n  0.35 . Here we carried
out additional tests with the same material type but at different concentrations, leading to
different yield stress values, so that the final range of yield stresses covered in the present
analysis will be [8-82 Pa]. Note that for one of these materials (  c  34 Pa ) we found
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k  c  0.41. In the paper these different Carbopol gels will be referred to through their yield
stress value. Moreover we carried out tests with three other YSF: an inverse emulsion and two
mixtures of Glycerol and Carbopol, which will be referred to as CG. The continuous phase of
the inverse emulsion is dodecane (7% wt.) with Span80 as surfactant. The aqueous phase (water
+ 45% wt. of dissolved calcium chloride) represents 85% of the total volume. Its rheological
parameters are  c  62 Pa , k  13 Pa.sn and n  0.45 . CG was prepared by mixing 90% in
volume of glycerol with water. Then 0.3% (or 0.5%) in mass of Carbopol 980 powder is
dissolved in the mixture. The dissolution of the Carbopol powder in glycerol is much longer
than in water so the fluid is neutralized the following day with soda, becoming a gel. The
rheological parameters of the CG are (for 0.3%)  c  27 Pa , k  78 Pa.sn and n  0.42 and (for
0.5%)  c  40 Pa , k  88 Pa.sn and n  0.44 . The resulting high value for k  c results from
the large viscosity of the interstitial liquid of the gel. This will in particular allow to look at dipcoating flows at relatively small Bingham number.
Measurements were carried out under the conditions and with the procedures described in [24].
The coated thickness was measured from a succession of tests, weighting the mass (which very
rapidly reached a plateau) of the plate coated with fluid after withdrawal for different depths of
penetration. This mass was shown to be proportional to the penetration depth, proving the
uniformity of the layer thickness, as confirmed by force measurement during withdrawal [24].
Note that the measurements are somewhat noisy, which may be expressed as an uncertainty of
the order of 20% on the coated thickness. This is likely due to slight geometrical imperfections
in the initial configuration and to the exact initial stress distribution inside the material in the
solid state inside the bath, which cannot be perfectly controlled. However the time of rest before
starting the test had no impact on the uniform thickness obtained in the stationary regime within
the general uncertainty on data [24]. Finally we could just conclude that we do not perfectly
control the state of the material in the bath but we did not identify clear trends which could
explain the fluctuations from one measure to another.

Also note that for CG the weighted mass tends to a plateau after a longer time. In that case we
just determined the thickness form the mass measured a short time after withdrawal, with the
same timing as for other YSF (this point will be discussed further below). For transparent
materials (Carbopol gels and CG) the flow field inside the bath was determined by PIV, using
80 μm-diameter polystyrene beads dispersed in the fluid as tracers (see [30]). Particle motions
were observed in a vertical plane perpendicular to the solid plate and along its central axis,
illuminated with a 20 mW continuous red laser sheet. A CCD camera attached to the container
recorded the particle displacements along the plate during all the duration of its withdrawal
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until the plate disappeared off the picture. The velocity field is determined over a single side of
the plate. An experiment represents the study of the plate displacement over a distance of about
15cm. The analysis lied on a cross-correlation technique with the commercial software DaVis.
To limit the noise and to make easier the comparison of the data, the velocity fields were
computed by averaging the pictures taken during a 1cm displacement of the plate.
3.2 Numerical simulations of the flow in the bath
The experimental data were completed with numerical simulations that rely on the second order
cone programming (SOCP) for which dedicated interior point solvers are available. This
technique is part of the “non-regularizing methods” that aim at solving the original non-smooth
viscoplastic problem. More precisely, the simulations are based on a finite element
discretization of the 2D fluid domain using a quadratic interpolation of the velocity field inside
each triangular element. The energy minimum principle is then discretized and the
minimization problem is reformulated in a form suitable for the SOCP solver Mosek [31]. More
details on the numerical implementation and the validation of the technique for the simulation
of yield stress fluid flows can be found in [32-33].
In the present case the fluid semi-domain is schematized by a rectangle minus the (rectangular)
volume occupied by the semi-plate on one side. Thus we here do not describe the free surface
flow along the plate outside the bath, and even neglect its possible impact on the rest of the flow
(we will see later in this paper that this assumption is valid). Since the system is symmetrical
only half of the fluid domain is modelled. The symmetry implies that the normal velocity and
the shear stress along the side plane (the plane along the mid-plate) of this half-domain are
equal to zero. A perfect adherence of the fluid along the container walls and along the plate
surface is assumed. The plate velocity is V. The stress components along the free surface of the
sample are equal to zero. A comparison with a series of velocity profiles obtained by PIV during
such a flow showed a very good agreement between simulations and experimental data [32-33].
This allows us to be confident on the ability of this numerical approach to provide some
systematic information concerning the flow characteristics inside the bath. In particular this led
us to test the impact of the container size and to explore a wider range of Bingham numbers.
Note that all equations explicitly mentioned in the text can be solved analytically while for
numerical simulations the momentum equations were solved numerically.
3.3 Basic qualitative trends of dip-coating with yield stress fluids
The global characteristics of dip-coating with yield stress fluids do not differ from dip-coating
with simple liquids: the bath essentially remains macroscopically at rest (i.e. the material
remains inside the container) while a layer of fluid is withdrawn with the plate. This means that
the material undergoes, at least in some regions, a solid-liquid transition, otherwise it would all
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remain stuck to the plate and the container. The main difference between YSF and simple
liquids lies in the fact that, after an initial transient stage the coated layer is uniform (see Figure
1) and fixed to the moving plate, i.e. the fluid coated to the plate is in its solid regime. Note that
a full experimental demonstration of the uniformity of the coated thickness was provided in
[24]. The thickness of this uniform layer will be noted h . In our range of experimental
conditions this thickness increases monotonously with the plate velocity, we did not observe a
decrease larger than the uncertainty on data.
However this uniform thickness is obviously not reached immediately. The transient regime,
i.e. the flow characteristics before reaching a uniform layer along the withdrawn plate, was
studied in depth in [24]. In this work it was shown that the weight of material coated on the
plate after complete withdrawal increases linearly with the initial length of immersion when
this length is larger than 3-4 cm. This means that a uniform layer thickness is reached along the
plate at a distance larger than 3-4 cm from the top line of contact. This result was in agreement
with direct qualitative observation of the layer thickness. Moreover it was shown that after some
distance of withdrawal the force needed to extract the plate varies linearly, and along
approximately the same period the velocity profile along the plate inside the bath evolves and
reaches a steady shape after a displacement of about 4 cm from the initial position. These
different information converge to the conclusion that there is a transient regime both inside and
outside the bath which, with our boundary conditions, ends after a distance of displacement of
the order of 3-4 cm, and a uniform layer thickness is then reached. In the present work we will
focus on the stationary flow associated with a uniform coated thickness and study it as a
function of rheological and boundary conditions.

3.4 Flow regimes
Let us first look at the variations of the coated layer thickness as a function of the Capillary
number. In Figure 2 we choose to represent data for velocities in a range of low values in order
to limit the impact of the shear-dependent component of the constitutive equation. This means
that we look at results for which the yield stress component is dominant, i.e. Bingham numbers
much larger than 1. Under these conditions the main rheological parameter is the yield stress
and as a first approximation the velocity has a negligible impact. Note that for each yield stress
value the data are aligned but due the relatively larger uncertainty on data, the points
corresponding to increasing velocities in this range are not aligned in the order of increasing
velocity but instead are dispersed along this fictive line.
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Figure 2: Gravity number as a function of Capillary number for dip-coating experiments
in the lowest velocity range, i.e. [0.2-2 mm.s-1], for YSF (Carbopol gels) with different
yield stresses: 8 Pa (squares), 20 Pa (diamond), 27 Pa (circles), 29 Pa (stars), 48 Pa (crosscircle), 56 Pa (triangles), 65 Pa (cross), 71 Pa (asterisks), 82 Pa (cross-squares).

The first result (see Figure 2) is that at low velocities the coated thickness scaled by the critical
thickness for a free surface gravity flow is almost constant for Ca between 0.1 and 3. This
suggests that in this range capillary effects are negligible and the coated thickness essentially
results from the balance of viscous and gravity forces. As a consequence capillary effects should
a fortiori be negligible at higher velocities since in that case the viscous stress is larger while
capillary effects remain more or less constant. From the data of Figure 2 it seems possible that
capillary effects start to play a significant role for Ca <0.1. Finally for Ca between 0.1 and 3
the thickness is a result of some equilibrium between gravity and viscous effects, and since we
have G  0.3  33% in this range (the last data point on the left in Figure 2 is out of this range)
we deduce that as a rough approximation the coated thickness at low velocities may be
expressed as:

h  0.3

c
g

(7)

It is remarkable that this value is more than three times lower than the critical thickness for a
free surface flow stopping along a vertical plate, i.e. hc , given by (4). This has two important
implications:
1) The final thickness does not at all correspond to the maximum possible thickness
associated with a simple free surface flow under gravity (in contrast with Derjaguin and
Levi conclusion [15]).
2) The bath tends to strongly limit the coated thickness.
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Let us now examine the impact of velocity. More generally we look at the role of the sheardependent component in the constitutive equation, which is quantified by the Bingham number.
In that aim all our data are plotted in a diagram G vs Bi 1 (in which we used the coated
thickness as characteristic length in the Bingham number). In consistency with the above result
we again find an apparent plateau around G  0.3 at sufficiently large Bi (say larger than 1),
despite significant data scattering around this value. In fact we will see later that this large
scattering partly finds its origin in the fact that the above description is not fully consistent, i.e.
the coated thickness cannot be simply described through a single relationship between G and
Bi 1 . This inconsistency of this representation for example appears from the very different
coated thicknesses obtained at low Bi 1 with the emulsion and a Carbopol gel despite similar
yield stress values.
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10
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Figure 3: Gravity number as a function of the inverse of the Bingham number for all the
dip-coating experiments in yield stress fluids. Same symbols as in Figure 2 plus additional
symbols for: Carbopol, 69 Pa (hexagons), 9 Pa (inverse triangles), CG 27 Pa (filled squares)
and 40 Pa (filled stars), and emulsion, 63 Pa (filled circles). The horizontal dotted line
corresponds to equation (7), the inclined dotted line to a power-law with an exponent 0.75.

Nevertheless we can see some general trends from Figure 3. First of all the variations of the
coated thickness with the plate velocity are rather slow. That means that over about 4 decades
of velocities the thickness varies by a factor of the order of 10. Here we recognize the effect
observed with any type of flow with YSF (see [1]): any variable, such as a lengthscale, pressure
drop or stress, varies very slowly with the flow rate, generally in a way similar to the variations
of the shear stress vs shear rate in the constitutive equation.
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Another conclusion from Figure 3 is that when the Bingham number becomes sufficiently low,
say typically below 1, we have another regime in which the dimensionless thickness
significantly increases with Bi 1 . It is worth noting that here we can observe data (with CG)
with G  1 . This means that in the corresponding experiments the fluid was in fact not
completely rigid along the plate, it was still somewhat draining as for simple liquids. However,
due to the large values for k  c in that case the asymptotic thickness (i.e. hc ) is not yet reached
and our measurement procedure which here provides the thickness just after withdrawal is close
to that used for simpler liquids. It is interesting to note that this regime may be well represented
(see Figure 3) by a straight inclined line corresponding to G  Bi  m (with m  0.75  0.5 ). This
leads to a dependence of the form h  V 0.25 (for n  0.45 ). Remarkably this result is close to,
and thus consistent with, the semi-empirical prediction of Gutfinger and Tallmadge [8] for
weakly elastic shear-thinning power law fluids for negligible capillary effects: h  V n 1n ,
which gives h  V 0.31 for n  0.45 .
Finally these results only constitute a first approach of the problem of dip-coating with yield
stress fluids. Indeed we were able to distinguish some critical unexpected trends, i.e. existence
of two regimes, coated thickness significantly smaller that obtained for a free vertical stoppage,
but several aspects remain problematic and suggest that the representation of data in Figure 3
does not reflect all the aspects of the problem: in the regime of large Bingham number the
dispersion of data around a possible master curve cannot be explained only by the uncertainty
on measurements; the coated thickness smaller than hc means that the bath plays a significant
role; a master curve in the form G vs Bi , using the coated thickness, would mean that the
physical process is independent of what occurs in the bath. It follows that we now need to have
information about the flow inside the bath and how it can impact the coating process.

3.2 What does happen in the bath?
General characteristics
Several important characteristics of the flow field around a plate moving (penetration or
extraction) through a bath of yield stress fluid were observed through experiments with different
Carbopol gels [16, 24, 29]:
-

Rapidly after the beginning of plate motion the fluid flows in its liquid regime inside a
uniform and constant layer thickness along the plate (except close to the edges) while it
is solid outside (see Figure 4); this conclusion was reached by following the total
deformation undergone by fluid elements along their trajectory: the solid region
corresponds to a total deformation saturating in time, while liquid region corresponds
to a total deformation continuously increasing [29]; for any other test the apparent
thickness of the liquid region was estimated from the intersection between the
apparently sheared zone and the horizontal plateau;
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-

In this liquid layer the flow is uniform: it was shown that the velocity profile along most
of the immersed part of the plate is constant [29];
This thickness increases slowly with the plate velocity and is independent of the yield
stress of the fluid as long as the ratio k  c remains constant [24, 29].
These flow characteristics are almost similar (although opposite) for a plate penetrating
or a plate extracted from the fluid; in penetration the liquid thickness appeared to be
smaller of about 30% than during extraction [24].

Figure 4: Scheme of the flow field during dip-coating of YSF. The grey area corresponds
to the solid region, in which the elements undergo only limited deformations. The rest of
the fluid is in its liquid regime, undergoing large deformations mostly at a constant shear
rate (in the uniform region).

In order to explore a wider range of parameters (i.e. velocity, rheological parameters, boundary
conditions) we carried out a more systematic study via numerical simulations. The overall
aspect of the low field was similar to that observed by PIV (see [16, 24]), leading to a similar
distinction between liquid and solid regions. As a consequence here the variations of the flow
characteristics are mainly discussed through the evolution, along the plate, of the profile of the
vertical velocity component. The important new information provided by these simulations are
as follows:
1) A uniform flow along the plate in the bath starts to develop when the immersed length
of the plate is larger than the width of the fluid container, i.e. when the fluid can be
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considered to be effectively “confined” between the two solid planes; the characteristics
of this uniform flow are independent of the distance of the plate tip from the container
bottom as long as this distance is much larger than the plate thickness;
2) This uniform flow takes place along the plate at a distance of the order of the liquid
layer thickness from the plate tip and from the free surface; it is independent of the plate
thickness as long the distance from the container sides is much larger than this thickness
(i.e. e  L 10 );
3) Flow characteristics are similar whether or not gravity is taken into account; they are
also similar during penetration ( V  0 ) and extraction ( V  0 ); this means that gravity
does not play any role in the flow problem inside the bath; as a corollary, this suggests
that elastic effects in the solid regime, which are not taken into account in these
simulations, and act differently in penetration and extraction, might be at the origin of
the slight difference observed experimentally in the uniform flow profiles in these two
flow types (see above);
4) Since gravity does not play any role, the momentum equations can be rescaled by the
yield stress, which implies that in the simulations the flow characteristics only depend
on the ratio k  c , the velocity and the boundary conditions;
5) When the aspect ratio of the container ( L H ) is varied, the flow characteristics remain
qualitatively similar but the liquid layer thickness increases with this aspect ratio; we
nevertheless did not explore this aspect in more detail as it is a huge problem (impact of
the aspect ratio when varying other parameters, impact of the container shape, etc); here
we will thus only describe the characteristics of the liquid layer for boundary conditions
corresponding to our experimental ones, and then study the dip-coating characteristics
when varying the rheological parameters and the velocity under given bath conditions.

Note that point 3) contradicts the simple model suggested in [16] for predicting the thickness
of the liquid layer in the bath and which was based on the assumption of a balance between
gravity and viscous effects.
Under these conditions, for a given aspect ratio L H , the flow characteristics will only depend
n
on the Bingham number, with here Bi L   c k V L . Looking at the velocity profiles in the
uniform region in a wide range of Bingham numbers we see that they rapidly vary for BiL larger
than 0.1 but approximately exhibit a constant shape with a finite (non-zero) sheared thickness
for smaller Bi L (see Figure 5). Actually these velocity profiles are similar when rescaled by a
characteristic length  (see inset of Figure 5). Similar velocity profiles are also obtained for
aspect ratio L H in the range [0.3-1.8].

Detailed characteristics of the uniform flow
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Since we are dealing with uniform flows in some significant fluid volume, it is possible to
describe analytically the flow characteristics in these regions [30, 34-35]. Let us recall the main
lines of this approach. In such a uniform flow along the plate the only non-zero velocity
component ( u ) is along x and only depends on the distance from the plate y . This is a simple
shear, for which the only non-zero tangential component of the stress is  xy   ( y) , and the
momentum equation is thus:

0

p 
p
 ; 0
x y
y

(8)

with, in the frame of reference attached to the plate assuming no wall slip, the boundary
conditions: u( y  0)  0 and u( y  )  V0 , where V0 is the velocity of the solid region. We
deduce from (8) that the pressure is constant in each plane x =Cst and that the pressure gradient
along x is constant. After integration we get  ( y)   w   w   c  y  for 0  y   where

 w   ( y  0) is the shear stress at the wall and:
 

 w  c

(9)

p x

Equating the shear stress with that given by the HB constitutive equation of the material in the
liquid regime (1) we find an expression for the shear rate   du dy which may be integrated
to give the velocity profile: u  V0  V0 1  y  11/ n ; or, equivalently, in the frame of reference
of the solid region:
v  V0 1  y  

11/ n

for 0  y  

(10)





We then deduce  w   c  kwn   c 1  Bi 1 , in which we used   m n and introduced the
Bingham number: Bi   c k V   n . Using the above results we find the expression for the
pressure gradient as a function of the layer thickness, the velocity and the rheological
parameters:

p

1
  c Bi
x


(11)

Although we are able to describe the shape of the velocity profile the fundamental problem of
such a flow is that p x is a given external constant which is unknown so that  is unknown
too, and as yet we are not fully quantitatively predictive.
The velocity profile (10) predicted by this approach is in excellent agreement with the velocity
profiles obtained from simulations (see inset of Figure 5). Note that for this comparison we had
to compute V0 from V , after measuring the plateau velocity v0 (which is negative in our frame
of reference): V0  V  v0 . Also note that  is larger than the apparent thickness of the liquid
layer as it was measured so far (see above), because the velocity profile includes a large region
in which the velocity and the shear rate are much lower than along the plate, a region which
may be as a first approximation considered as the beginning of the solid region.
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Now it is interesting to compare all our velocity profiles, obtained for extraction tests either
during this study or the previous one [24], with this general equation (10), by fitting  . There
is some scattering but the agreement with the theoretical prediction is again excellent (see
Figure 6). Curiously the agreement is also very good between all the data obtained with the CG
and the theoretical velocity profile for n  0.35 (instead of the profile associated with n  0.42
as they should) (see Figure 6). We do not have a clear explanation for that.
Finally we can plot the value for  as a function of Bi L (see Figure 7) obtained from
simulations and from experiments. We see that there is a good agreement between these two
sets of data, the remaining discrepancy likely having its origin in the various uncertainties in
measurements and fitting procedure. In the following we will consider that the data obtained
from simulations as the reference value for  . In the range [8-30 mm] these data can be well
represented by the following model:

   c  40BiL 1

(12)

1.0
1.0

v V0

v V0

0.5

y 

0.5
0.0
0.0

0.5

1.0

0.0
0
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Figure 5: Uniform velocity profile (numerical simulation) in the sheared layer along the
plate inside the bath for different BiL values: (from left to right) 8.8 10-4 , 1.7 10-3 ,

8.8 10-2 , 4.4  10-2 , 0.12, 0.22, 0.32, 0.7, 1.1, 5.5, 27.6. The inset shows the same profile
when the distance from the plate is rescaled by a parameter  (see values in Figure 7).
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Figure 6: Velocity profile in the uniform flow region along the plate in the bath, as
measured by PIV, as a function of the distance rescaled by a parameter  (see values in
Figure 7) for different fluids and plate velocities ( V ): Carbopol gels: (  c  8 Pa ) from 0.2
to 17 mm.s-1 (open squares), (  c  34 Pa ) from 0.8 to 17 mm.s-1 (crossed squares), (

 c  71 Pa ) from 0.2 to 17 mm.s-1 (diagonal crossed squares); CG from 0.2 to 17 mm.s-1
(diamonds). The velocity represented here is the relative velocity between the fluid and the
solid region rescaled by the relative velocity between the plate and the solid region. The
dashed line is equation (10) with n  0.35 and the dotted line is the same equation with
n  0.42 .
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Figure 7: Thickness of the liquid layer in the bath as a function of the inverse of the
Bingham number determined from rescaling of numerical profiles (filled circles) of Figure
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5 and experimental profiles of Figure 6 (with the same symbols as in this figure). The dotted
line corresponds to equation (12).

4. Dip-coating and flow in the bath
We now have a complete view of the main flow characteristics in the bath and along the plate.
The plate motion through the bath induces a shear flow localized in a layer of thickness  .
Since the characteristics of this flow are almost independent of the plate direction they are
independent of the possible flow and deposit occurring outside the bath along the plate. Actually
the flow in the bath has a critical impact on the coating. The displacement of the plate inside
the bath sets up the fluid in some specific distribution of states: we have a volume of fluid
remaining in its solid regime and which will not supply any material to the coating. The coated
layer is formed from the fluid of the bath in the liquid regime, more precisely from the vertical
liquid layer along the plate.
This in particular makes it possible to determine an upper bound for h : if we assume that all
the fluid in the liquid layer is then coated to the plate we find from the mass conservation:




0

2 1 n

h,max  1 V0  v( y) d y 

(13)

For n around 0.4 or lower this value is significantly lower than the value which would be
obtained for a homogeneous simple shear, i.e.  2 . This is due to the large, very slowly sheared
region for y   0.5 , which corresponds to a fluid volume which will likely remain in the bath.
Finally, considering the above result and the shape of the velocity profiles we can approximate
the velocity profile in the liquid layer as a simple shear in a thickness   2h,max .
In the above approach the mass flux ( h,maxV ) of the liquid layer inside the bath along the solid
region entirely coats the plate, thus inducing a flux hV . In fact there is a region (B in Figure
4) of transition between the uniform flowing region along the plate, imposed by the presence
of the solid region in the bath, and the solid layer stuck onto the plate. In this region of transition
the fluid is no more confined between the plate and the solid region, but progressively turns
from its liquid to its solid regime. This flow is rather complex but as a first approximation we
will consider it as a vertical free surface flow under gravity. This yields a flow of fluid which
reduces the mass of material finally fixed on the plate, somewhat as in the approach of
Derjaguin and Levi for simple liquids (see above). The fraction of mass flux eventually
remaining in the bath will then feed the horizontal flow at the free surface of the bath (see the
right side in Figure 4).
It is rather difficult to determine the characteristics of the flow in the transition region since the
apparent viscosity of the fluid in this layer is heterogeneous and evolves along region B. In
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order to get a rough estimation of this mass flux we will make the following assumptions: we
have in the region B a uniform layer of a Newtonian fluid of thickness  flowing freely under
gravity along the plate; the viscosity of this fluid results from the simple shear in the liquid layer
inside the bath in a region of thickness, i.e.     with   V  . The flow rate in this region
is thus given by g3 3   . Considering the approximation made with regards to reality we
can expect that the effective flux should be given by this expression times a factor  to be
determined. Finally the difference between the vertical flux ( hV ) at a large height and the
vertical flux along the liquid layer along the solid region inside the bath is equal to this counter
flux, so that after elimination of V we get:

h 


2



g2
3

(14)

From this expression we deduce that this approach is not valid for too small yield stress values,
which may lead to negative values for h . In fact, for low yield stress (say < about 25 Pa) it is
likely necessary to take into account capillary effects.
The parameter  in equation (14) is deduced from an expression of the type (12) for  . We
thus see that the final coated thickness is mainly governed by the flow inside the bath. From the
constitutive equation (1) the shear stress in the second term writes    c 1  Bi 1 in which





here Bi  k  c V   . The impact of the yield stress lies in the second term: for example
when the yield stress tends to infinity the second component of the right-hand-side tends to
zero, so that we have h  h,max ; if on the contrary the yield stress is low the second term is
large, a significant amount of liquid is left in the bath, and the coated thickness is significantly
smaller than h,max . Finally equation (14) predicts that the thickness of the coated layer will
1

n

1

tend to a finite value when the velocity tends to zero (i.e. Bi 1 and BiL tend to zero):
2
h,c  c 2  gc 3 c , in which we noted c  2 c 2  1 n . We in particular deduce that
this approach is not valid when according to this expression the coated thickness is negative,
i.e. when  c g  2c 3 .
In Figure 8 we can see that for  c  25 Pa we have a good agreement between the theoretical
prediction (14) and our data, by taking   0.6 . For smaller yield stress the predicted coated
thickness is negative (e.g. for  c  8 Pa ) or significantly lower than the experimental one (see
data for  c  21 Pa in Figure 8). For all larger yield stress values there is a scattering of data in
a zone of  30% the exact agreement, but there is no specific trend leading to some discrepancy:
the data appear to be effectively dispersed at random around the expected value, and this level
of uncertainty seems consistent with the different uncertainties in measurements which play a
role in this comparison (uncertainty on liquid layer thickness estimation, on coated thickness
measurement, and on the rheological parameters). On the contrary in Figure 3 the scattering
around some master curve was so large that the discrepancy could reach 70%. Moreover it is
worth emphasizing that the theoretical expression (14) is able to predict the coated thickness
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layer of both the Carbopol gels and the emulsion (see Figure 8), which are materials exhibiting
significant differences in their rheological behaviour. At last we also plotted the data for the
CG. In that case  was computed directly from the data for  since with this material we are
in the region where the expression (12) does not predict experimental data (see Figure 7).
Moreover, as mentioned above, we can suspect that the coated layer was still slowly flowing
along the vertical plate during measurements, which means that the above approach should be
at least slightly modified to take into account this effect. Despite this complication it is
remarkable that we get an excellent agreement between the theoretical prediction and the data
for CG by using only a different value for  , now taking   0.4 . This means that this model
is robust, as long as the yield stress of the material is sufficiently large it is able to predict the
reality for more complex conditions on the basis of the same physical ingredients.
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Figure 8: Coated layer thickness predicted by the model (see text, equation 14) as a
function of the measured thickness. Same symbols as in Figure 3. The continuous line
corresponds to a perfect agreement between theory and experiments.

Conclusion
From previous data completed by additional experiments and numerical simulations we were
able to identify the main processes taking place during the dip-coating of a yield stress fluid. In
particular we showed that the flow inside the bath, and essentially the liquid region formed due
to the plate motion, plays a critical role on the value of the thickness of the uniform layer finally
coated to the plate. On the basis of these detailed information, we could finally suggest a simple
model describing the coated thickness as a function of the rheological parameters and the
boundary conditions. The weakness of this model lies in the description of the flow in the
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transition region between the liquid layer at some depth inside the bath and the rigid layer along
the plate, which could not be predicted exactly (a single arbitrary coefficient had to be
introduced). Further information on the flow characteristics in this region would be needed to
improve the model. However it is remarkable that we were able to predict very well (despite
the inherent uncertainty on data) the data for yield stress larger than 25 Pa, for different
materials (Carbopol gels at different yield stresses, emulsion, CG) and in a range of velocities
of two decades. This means that despite a strong simplification of the description of the flow
characteristics we capture the main physical mechanisms of the process: the coated layer results
from the upper flow within the liquid layer inside the bath minus a counter flux resulting from
the action of gravity in the transition region.
A critical aspect that we did not tackle seriously here is the exact impact of the container size.
It was indeed shown that the container size has an impact on the liquid layer thickness inside
the bath, which was demonstrated to be at the origin of the coated thickness. It is thus likely
that the aspect ratio of the container ( L H ) plays a significant role on the coated thickness.
Further experiments and simulations are needed in that field.
Since for yield stress fluids the flow in the bath plays a major role in the formation of the coated
layer the state of the fluid in the bath might play an important role and it could be interesting to
precisely control or even have an action on the material in the bath while withdrawing the plate.
In particular we can expect that if we fully liquefy the fluid in the bath, for example by
simultaneously mixing it strongly, the coated layer would be different and finally closer to that
expected for a simple shear-thinning fluid (i.e. without yield stress). This is an interesting
perspective, but this certainly requires significant or tricky experimental developments. This
idea was suggested by an anonymous referee.

Acknowledgements: We are grateful to Xavier Chateau for fruitful discussions.
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